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1 Introduction 

Let (M, g) be a Riemannian n-manifold and D its Levi-Civita connection. 
For any p G IN, we shall denote by r(®PT*M, (D), fiP(M, (D) and Sp{M, C) 
the space of complex covariant p-tensor fields on M, the space of complex 
differential p-forms on M and the space of complex symmetric covariant p- 
tensor fields on M, respectively. Note that r((g)°T*M, C) = f]°(M, (D) = 
50(M, C) = C°°{M, C). We put 

n 

fi(M, C) = 0nP(M, C) and 5(M, C) = ^^(M, C). 

p=0 p>0 

If {M,g) is Kahlerian, i.e., there exists a complex structure J on M such 
that DJ = and g is Hermitian with respect to J. The complex structure 
J defines a bigraduation 

fiP(M,(E)= n'^'^iM) and ^^(M, C) = S'^'^M). 

r+q=p r+q=p 
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We consider the Lichnerowicz Laplacian Am : r(0*T*M, C) — > r((g)*T*M, C) 
introduced by Lichnerowicz in [16] pp. 26. It is a second order differential 
operator, self-adjoint, elliptic and respects the symmetries of tensor fields. 
In particular, leaves invariant S{M, C) and the restriction of A^- to 
Q{M, (T) coincides with the Hodgc-de Rham Laplacian. Moreover, the Lich- 
nerowicz Laplacian respects the bigraduation induced by Kahlerian struc- 
tures. 

The Lichnerowicz Laplacian acting on symmetric covariant tensor fields is of 
fundamental importance in mathematical physics (see for instance [10], [21] 
and [23]). Note also that the Lichnerowicz Laplacian acting on symmetric 
covariant 2-tensor fields appears in many problems in Riemannian geometry 
(see [3], [5], [20]...). 

On a compact Riemannian manifold, the Lichnerowicz Laplacian Am has 
discrete eigenvalues with finite multiplicities. For a given compact Rieman- 
nian manifold, it may be an interesting problem to determine explicitly the 
eigenvalues and the cigcntensors of Am on M. 

Let us enumerate the cases where the spectra of Am was computed: 

1. Am acting on C°°(M, (D): M is either flat torus or Klein bottles [4], M 
is a Hopf manifold [1] ; 

2. Am acting on n{M, (D): M = 5" or P"(C) [11] and [12], M = (DaP^ or 
G2/S0{A) [17]-[19], M = S0{n+1)/S0{2) x SO{n) or M = Sp{n + 
l)/Sp{l)xSpin) [22]; 

3. Am acting on S'^{M, (D) and M is the complex projective space P^((D) 
[23]; 

4. Am acting on S'^{M, C) and M is either -S" or P"((E) [6] and [7]; 

5. Brian and Richard Millman gave in [2] a theoretical method for com- 
puting the spectra of Lichnerowicz Laplacian acting on Vt{G) where G 
is a compact semisimple Lie group endowed with the biinvariant metric 
induced from the negative of the Killing form; 

6. Some partial results where given in [13]- [15]; 

7. Am acting on 5(M, (D) and M is S"" [8]. 
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In this paper, we compute the eigenvalues and we determine the spaces of 
eigentensors with its multiphcities of Am acting on S{M, (D) in the case 
where M is the complex projective space P"((D) endowed with the Kahlerian 
structure quotient of the canonical Kahlerian structure of (D""*"^. We use a 
fairly simple method which requires, in places, massive computations. Let 
us describe this method briefly. 
First, since there is a natm^al map 

(f) : rz{^*T*G''+\ c) — > r((g)*r*P"(G), c), 

where r2((8)*T* (D"+^, (D) is the space of complex covariant tensor fields in- 
variant by the natural action of the circle on (D""^^, we compute 

The formula obtained (cf. Theorem 2.1) involves natural operators on (D""*"^ 
and constitutes the principal tool of this paper. Hereafter, in Section 3, we 
adapt to our situation the methods used in [11] in the context of differential 
forms. Indeed, we consider, for any p, q,k,l e IN, the space T^'i of traceless 
symmetric tensor field T on (D"+^ of the form 

T ^ J2 Ti^,...,ip,ji,...,j,dzi, Q...Qdzi^Q dzj, © ... © dzj^, 

0<il <....<ip<n 

0<ji<...,<jq<n 

where Ti-^^,...,ip,j^,...,jq are harmonic polynomials of degree k with respect zq, . . . ,z^ 
and of degree I with respect zq, . . . ,Zn and such that the divergence of T van- 
ishes. We have, if < , > denotes the Euchdian metric on (D""'"^, 

: < , Qr^Pjm,q-m _^ S^'" {P'' (G) , C) 

0<m<min(p,q) 

k+p=l+q 

is injective and its image is dense. By introducing an algebraic lemma (cf. 
Lemma 3.3) we get a direct sum decomposition of any Tj^f, and we use 
the formula obtained in Theorem 2.1 to show that the image by of the 
spaces composing this direct sum are, actually, eigenspaces of Ap„(,^). We 
compute the multiplicities of these eigenspaces and we get the result desired 
(see Theorems 3.2 and 3.3). Finally,, we tabulate the results for the low 
values of p and q (Tables I- VIII) and, in particular, we recover the results 
obtained in [23] (Tables VLVIII). 
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2 A relation between A^n+i and Ap^^^j.^ 



The main result of this section is Theorem 2.1 which estabhshes a formula 
relating the Lichnerowicz Laplacian on (D"^^ and the Lichnerowicz Laplacian 
on P"((D). This formula is the principal tool of this paper and its statement 
requires the introduction of some definitions and notations. Also we need to 
recall some basic properties of the Lichnerowicz Laplacian and to collect the 
basic material which will be used throughout the paper. 

Let (M, g) be a Riemannian n-manifold. The curvature tensor field R of the 
Levi-Civita connection D associated to g is given by 

R{X, Y)Z = D^x,Y]Z - {DxDyZ - DyDxZ) , 

and its Ricci endomorphism field r : TM — > TM is given by 

n 
i=l 

where {Ei, . . . , En) is any local orthonormal frame. 

For any p e IN, the connection D induces a differential operator 

D : r{^PT*M, C) — > r(0^'+^r*M, C) 

given by 

DT{X, Y^,..., Yp) := DxT{Yi, . . . , F^) = X.T{Y^, . . . .Y.yj^ T{Y,, DxYj, ...,Y,). 
Its formal adjoint D* : r{^P+^T*M, C) — > V{&T*M, (D) is given by 

n 

D*T{Y,, . . . , F^) = - ^ DEME^, Y,,..., Y,), 
where (£'1, . . . , En) is any local orthonormal frame. 

We denote by S the restriction of D* to S{M, C) and we define 5* : Sp{M, C) — ^ 
SP+\M, (E) by 

p+i 

5*T{Xi, . . . , Xp+i) = ^ DxjT{Xi, . . . , Xj, . . . , Xp+i), 
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where the symbol " means that the term is omitted. 

Recall that the operator trace Tr : Sp{M, C) — > Sp-'^{M, (D) is given by 

n 

TrT{Xi, . . .,Xp_2) = ^T{Ej, Ej,Xi, . . .,Xp_2), 

j=i 

where (£"1, . . . , En) is any local orthonormal frame. 

The Lichnerowicz Laplacian is the second order differential operator 

Am : r(OT*M, C) — > r(OT*M, (D) 

given by 

Am{T)^D*D{T) + R{T), 
where R{T) is the curvature operator given by 

R{T){X,, ...,Xp) = j2 T{Xi, r{Xj), . . . , X,) 
i=i 

n 

- X] X] {^(^1' ■ ■ ■ i^h - ■ ■ ■> Ri^i, Ei)Xj, . . ., Xp) + T{Xi, . . ., R{Xj, Ei)Xi, . . .,Ei,. . . , Xp)} , 

i<3 1=1 

where {Ei, . . . , En) is any local orthonormal frame and, in 

T(Xi, . . . , El, . . . , R{Xi, Ei)Xj, . . . , Xp), 

El takes the place of Xi and R{Xi, Ei)Xj takes the place of Xj. 
This differential operator, introduced by Lichnerowicz in [16] pp. 26, is self- 
adjoint, elliptic and respects the symmetries of tensor fields. In particular. 
Am leaves invariant S{M, (D) and the restriction of Am to Q{M, C) coincides 
with the Hodge-de Rham Laplacian. 
Note that if T e S{M) then 

Tr(AMT) = AM(TrT), (1) 
^MiTQg) = {AMT)Qg, (2) 

where is the symmetric product. 

The Lichnerowicz Laplacian is compatible with Kahlerian structures. Indeed, 
suppose that {M,g) is Kahlerian, i.e., there exists a complex structure J on 
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M such that DJ = and g is Hermitian with respect to J. The complex 
structure J defines a bigraduation 

r+q=p 

and Am respects this bigraduation. 

For any T e V{&T*M, (D), for any vector field Y and for any I <i < j <p, 
we denote by iyjT" the (p — l)-tensor field given by 

iY,jT{Xi, . . . , Xp_i) = T(Xi, . . . , F, Xj^ . . . , Xp-i), 

by TrjjT the (p — 2)-tensor field given by 

n 

TrjjT(Xi, . . . , Xp_2) = X! ^(^1' • • • ' -^i-ly ^i-i ■ ■ ■ 1 El, Xj_i, . . . , Xp_2), 

and by TrijjT the (p — 2)-tensor field given by 

n 

T^i,j,jT{Xi, . . . , Xp-.2) = X! ^("^1' ■ ■ ■ ' -^i-ij El, Xi, . . . , Xj-2, J El, Xj^i, . . . , Xp-2), 

1=1 

where (£^1, . . . , En) is any local orthonormal frame of M. 

RemEirk 2.1 If T is a complex symmetric covariant tensor field then 

TrijT = TrT and Tr^j^jT = 0. 

For any permutation o" of {1, . . . ,p}, wc denote by T"' the p-tensor field 

T''{Xi, Xp) = r(X(^(i), . . . , X(j(p)). 

For 1 < i < j < p, the transposition of is the permutation of 

{1, . . . ,p} such that cTij^i) = j, <7i,j{j) = i and <Ji,j{k) = k ior k ^ We 
shall denote by T the set of the transpositions of {1, ... ,p}. 

On other hand, for p > 2, we denote by T-^ and T"^ the p-tensors fields given 

by 

T'^{Xi, . . . ,Xp) = '^T{Xi, . . . , JXi, . . . , JXj, . . . ,Xp), 

i<j 

T {Xi, . . . , Xp) — ^T(Xi, . . . , JXj, . . ., JXi, . . . , Xp). 

i<j 



6 



Finally, we define 5*" : 5^ (M, (D) — > Sp+\M, (D) by 

p+i 

S*^T{Xi, . . . , Xp+i) = ^ DjXjT{Xi, . . . , Xj, . . . , Xp^i), 



and we put 



Note that 



S* = ^(S*-tn and 5* = l(r + zn- 



SloSl^Slo S*. (3) 



The complex projective space P"((D) inherits a natural Kahlerian structure 
from (D"+^, let us describe this structure and introduce some notations. 
Let {zo,...,Zn) be the standard holomorphic coordinates on (D"+^. Put 

— ^- (—-^—] and —^-(— + ^/^—] 
dzi 2\dxi dyi) dzi 2\dxi dyij ' 

The standard complex structure Jo of C""*"^ is given by 

^ d ,— d . T d I — - d 
Jo^ = V Jo— = 

a^i ozi ozi 

Let < , >= Z^"=o ^-^j-^^i fl^^ Kahler metric on C"+^ and let = 

—\f—^Y^^=Q dzi A (izj be its Kahler form. 

The radial vector field = Yh=o {^i'^ + splits to ^ W + W, 

where 

Put Z = Jo r". 

n 

The differential of = ^ l^^l^ splits to dr'^ ^W* + W*, where 

1=0 

n n 

Wq = Zidzi, and W*q = Y^ Zidzi. 

1=0 i=0 



7 



Let TT : \ {0} — > P"((E) be the natural projection and tTs : 5^"+^ — > 

P"( C) its restriction to ^^n+i ^ (D"+i \ {0}. For any m G put 

— ker((7rs)*)^ and let be the orthogonal complementary subspace to 
F^inr^(52n+i). 

T^{S'^+')^F^(BFi. 

We introduce the Riemannian metric g on P"( (D) so that the restriction 
of (tTs)* to F^ is an isometry onto T^(ot)(P"( (D)). The standard complex 
structures J on P"(C) is given by 

For any vector field X tangent to P"'((D), there exists an unique vector field 
X'^ tangent to satisfying, for any m e 5"^"^+^ 

X'^MeP^ and (7r,),(X'^)=X 

The vector field X^ is the horizontal left of X. 

For any p, g e IN, we denote by Tz{&T* C) and the 

space of complex covariant p-tensor fields on (C"^^ and the space of complex 
symmetric covariant tensor fields of type {p,q) on (D""*"^, respectively, which 
are invariant by Z. A tensor field T belongs to r^(®PT*(D"+^) if and only if 
LzT = 0. 

We define a linear map 

(f) : rz(®*'P*€"+\ c) — > r((8)fr*P"(c), c) 

by 

(/.(T)(Xi, . . . ,X,)(7r,(m)) = T(Xf, . . .,X^){m), m e 5^"+^ 

The map (j) is well defined and (5|'''((D"+i)) C 5P'«(P"((D), C). 
Note that the Kahler form Q of P"((D) satisfies Q = 0(^^o)- 

The Lichnerowicz Laplacian on P"((D) involves the curvature operator and 
we will compute it now. 

Lemma 2.1 The tensor curvature R and the Ricci endomorphism field r 
associated to the Riemannian metric g on P'*((D) are given by 

R{X,,X2)X, = g{X,,X3)X2-g{X2,X,)X,-2g{JX2,X,)JX2 + g{JX,,X 
-giJX,,X,)JX2 
r{X) = 2{n+l)X. 
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Proof. These formulas can be deduced easily from the curvature of S*^"^^ 
by using the Riemannian submersion tTs '■ 5'^""'"^ — > P"((D) and the O'Neil 
formulas (see for instance [5, pp. 241] ).□ 

A direct computation using Lemma 2.1 and the definition of the curvature 
operator gives the following lemma. 

Lemma 2.2 For any covariant p-tensor field T on P"((D); we have 

RiT){X,,...,Xp) = 2{n+l)pT{X,,...,Xp)-AT^{X^,...,Xp) 

-2T\Xr, ...,X,)+2Y: T^iX,, ...,X,) 

~2 ^ 9{Xi, Xj)Txi^jT{Xi, . . . , Xi, . . . , Xj, . . . , Xp) 
—2 ^ 0,{Xi, Xj)Trij^jT{Xi, . . . , Xi, . . . , Xj, . . . , Xp). 

i<j 

Now we are able to state the main result of this section. 
Theorem 2.1 Let T e rz(OT*(D"+\ C). Then 

0(Ai.„+ir)-Ap„(C)</'(7^) = (p{p{l-p)T + 2ip-n)L^T-Lj,oL^T 

-2J2T'' + 2T^^ + 2T'^° + 0(r) J , 

where 

0(T)(Xi,...,X,) = 

+2 {DjoX, {ij^-r^ T) {X,,...,Xj,...,Xp)- Dx, ( ^ T) (X^, . . . , X,, . . . 
+2 ^ < Xi, Xj > TiijT^Xi, . . . , Xi, . . . , Xj, . . . , Xp) 

i<j 

+2 ^ ^oi^i, ^j)'^i,j,JoTiXi, . . . , Xi, . . . , Xj, . . . , Xp). 

i<j 

Proof. The proof is a massive computation in a local orthonormal frame. 

For any vector field X tangent to P"'((D), even if its horizontal left X'^ is a 
vector field tangent to S'^""'"^, sometimes we need to extent it to a local vector 
field on G""^^ and we continue to note it by X'^. 
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We choose a local orthonormal frame of (D"+^ of the form {E^, . . . , E2n, N, JqN) 
in a neighborhood of a point m G 5*^"^^ such that {E^, . . . , i?2n) is the hor- 
izontal left of a local orthonormal frame {Ei, . . . , £'2„) of P"((D) in a neigh- 
borhood of 7rs(m) and N — ^1^ where r = \/\zo\^ -|- . . . -|- j^np- 
Let D be the Levi-Civita connection associated to the flat Riemannian metric 
on (D^~^^. For any vector field X on (D""*"^, we have 

DxN = - (X- <X,N>N), (4) 
r 

DnX = [A^, X] + ^{X- <X,N> N), (5) 

^xJoA^ = -{JoX- <X,N > JoN), (6) 
r 

L>j„jvX = [Jo7V,X] + J(JoX-<X,7V> JoTV). (7) 

Let V be the Levi-Civita connexion of the Riemannian metric g on P"((D). 
We have, for any vector fields X,Y tangent to P"((D) and in restriction to 

DxhY^ = (VxY)'' + JqY^, X^ > JoN - ^ < X^, > N. (8) 

Let T be a covariant p-tensor field on (D""*"^ such that LzT = and {Xi, . . . , Xp) 

a family of vector fields on P"((D) in a neighborhood of 'n-s{m). 

A direct calculation using the definition of the Lichnerowicz Laplacian gives 

Ai,„+i(r)(Xf , . . . , X^) = D*D{T){X^, ...,xi)^Q^ + Q2 + Qs + Q,, 

where 

2n / p 

Qi = Y.\-E-E^-T{X^,---,X^) + 2j2El'.T{X^,...,D^.X^,...,Xi) 
i=i \ j=i 

p 

+Dj^hEi.T{X^, Xp) - T(Xf , . . . , Djy^^j^hXj, X^) 

j=l i 

- J2 T{X^, D^hD^hXj, Xp) , 
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2n 

Q2 = ~2 ^ ^ T{X^, D^hX^, D^hXj, Xp) , 

i=l Kj 

Qs = -N.N.T{X^,...,X;;) + 2j2N.T{X^,...,DMX},...,Xi) 

+DmN.T{X^, ...,Xi)-j2 T{Xi, Dd^nX}, X^) 

3=1 

-j2T{X^,---,DNDNX},...,Xi)-2j2T{X^,...,DMXl',...,D^X},...,Xi), 

Q, = -JoN.JoN.T{Xt...,Xi) + 2f2JoN.T{X^,...,Dj,MX},...,Xi) 

3=1 
p 

+DjgNJoN .T{X^ , . . . ,Xp) -'^ T{X-^ Ddj^j^JonX^ , . . . , ) 

p 

- ^ T{X^ ,.. ., Dj^nDj^nX^ , . . . , ) 

—2 ^ . . . , Dj^nXi, . . ., Dj^nXj, . . . , Xp). 

l<3 

By using (4) — (8), we get 

Dj,^^E.X^' = {V^,^E.X,)^+ < {VeM\ {JXjf > JoN- < {VeM\X^ > N 

-[iV,X,]-X„ (9) 
De^De^X, = {Ve^Ve^X,)'^+ < El {VE.JX,f > J,N- < {^E^X^f > N 
+El < {JX,f > JoN - E^ < E^ X^ > N 
+ < E^ {JXjf > JoE^- < E^ X!l > , (10) 

DnDnX} = [TV, [TV, X}]] + ^[7V, X^] + - 1){X}- < X}, N > N) 

-"^N. < X},N > N, (11) 
Dj,mDj,mX} = [JoN,[JoN,X}]] + '^[JoN,JoX}]-^X} 

~<Dj,nX^,N> JoN. (12) 
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A careful verification using (8) — (10) leads to 

2n / p 

Qi = E\-EiE,.c|>{T){X^,...,X,) + 2J2Ei.c|>{T){X^,...,VE,XJ,...,X,) 
i=i \ j=i 

-j2HT){Xi,...,VE,VE,Xj,...,X,) 
+2p{n + l)0(T)(Xi, ...,Xp)- 2nLr,T{Xl . . . , X^) 

+2 JoX}.T{X[\ . . . , JoiV, . . . , X^) - X}.T{X^, . . . , iV , . . . , X^) 
Now, by using (8), we get 

2n 

= -2EE'^(^)(^i' • • • > Ve,X,, . . .,Ve,Xj, ...,X,) 

l<3 «=1 

I 3 

+2Y,T{Xt...,'1^,...,D^HX^,...,Xi)+2Y,T{X^,...,D^,Xl^,...,'1^,...,Xi) 

Kj Kj ^ 

I j 

-2Y,T{X^, ■ ■ ■ ,Xn, . . .,Dj^^hX^, . . .,Xi) -2Y,T{Xl . . .,Dj^^,X^, . . .,Xn, . . .,Xi) 

Kj Kj ^ 

/ I j I J \ 

+2Y,<Xi',X^> T{Xt...,^,...,^,...,X^)+T{Xt...,J^,...,XN,...,X;;) 

Kj \ J 

I j I j 

p > 



-2Y^<J^X\\X)> |T(Xf,...,JoiV,..., iV,...,X;)-T(Xf,..., iV , . . . , JoiV, . . . , 

Kj 



We deduce that 

+ Q2 = V*V0(r)(Xi, . . . , Xp) + 2p(n + l)0(r)(Xi, . . . , X^) - 2nL^T{X\, X^) 

+2 E (Dj^^n {zj,^,T) (X^ . . . , Xj^, . . . , X^) - D^. {i^,T) (Xf , . . . , Xj^, . . . , X^)) 
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I j I j \ 

+2^<xf,xj'> \ t{x^,...,^,...,^,...,x^) + t{x^,...,j^,...,j^,...,x;;) 



l<3 



J 



I j I j 

+2Y,^^{xtx^)\T{xl...;1^,...,7^,...,xi) + T{xl...,'j^,...,7M^,...,xi) 

Remark that Apn(t)0(r) = V*V(/)(T) + R{(t){T)) where R{(t){T)) is given by 
Lemma 2.2. We deduce hence 

Qi + Q2 - Ap„(C)0(r)(Xi, . . . , X,) = -2nL^r(Xf , . . . , X^) + 4r'^°(X^ . . . , X^) 

+2T^° (x^ . . . , - 2 y: T'^ixi Xi) 

+2 x: (i^j„x^(ijoArjr)(xf , . . . , ij^, . . . , x^) - L>^.(i^,,-r)(x^, . . . , ij^, . . . , x^)) 

+2^ < > Tr,,,r(X^ . . . . . . . . . 

+2 ^ i7o(X,'\ X^)Tr,,,- ,„T(Xf , . . . , , . . . , . . . , X^). (13) 

Let us compute Q^. Now by using (5) and (11) and by taking the restriction 
to 5'^'*+^, we have 

2j^N.T{Xl...,Dr,X^,...,X';) = 2 iV.^(X^ . . . , [TV, xj^] , . . . , X^^) 

+2f:7V(l)T(X^...,Xj^,...,X;) 



+2^7V.T(X^...,Xj',...,X;) 

-2^iV(<Xj',iV>)T(Xf,..., iV,...,X;) 



2^Ar.T(Xf,...,[Ar,xj'],...,x;) 



-2pT{Xl . . . , X^) + 2pAr.T(X^ . . . , X^) 
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-2 Y: N{< N >)T{Xl N ,...,X^). 

j2T{x[\...,D^D^x';,...,x';) = 2f:T(xf,...,[iv,xj^],...,x;) 
j=l j=l 

X:T(Xf,...,[iV, [N,X^],...,Xi) 

j 

-2 ^ N{< X}, N >)T{X^, N ,...,Xi). 



^ T{X^, . . . , DnX'^, DnXj, . . . , ^ 



+$:T(x^...,x^...,[7v,xj'],...,x;) 

+ f:T(Xf,...,[iV,X,^],...,Xj\...,Xi 



5:T(x^...,[A^,xf],...,[7v,xj^],...,x;)+fc^^(x^...,x;) 
+(p-l)x:^(x^...,[7v,x^],...,x;). 

So we get, in restriction to 5'^""'"^, 

Q3 = -L^oL^T(Xf , . . . , X;)+2pL^T(Xf , . . . , X;)-p(l+p)T(Xf , . . . , X^). 

(14) 

Let us compute (54- By using (7) et (12), we get in restriction to 5'^'^"'"^, 

^4 = -Joiv.Joiv.r(x^...,x;) + 2f^Joiv.r(x^...,[Joiv,xj^],...,x;) 

i=i 

+2 X: JoiV.r(Xf , . . . , JoXj^, . . . , X^) 

-7v.r(xf , . . . , x^) + r(xf , . . . , [AT, xj^], . . . , x^) + pr(xf , . . . , x^) 

3=1 
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- T{Xl, [JoN, [JoN, X}]], ...,Xi)-2Y, T{X^, [JoN, JoX}], X^) 

i=i i=i 

+pT{Xt ...,Xi)- 2 ^T(X^ . . . , [JoN, X^],..., [JoN, X}], . . . , X^) 

i<j 

-2YTiX^,...,[JoN,Xf^],...,JoX^,...,X^) 

i<j 

-2Y,nx1,...,JoXl...,[JoN,X%...,Xi) 

i<j 

2\ ^ r-p{ J J vh\ 

2^ J [J^i ,.. ., Jo-^i , • • • , Jo-^j ■ ■ :-^p)- 

i<j 

Hence 



Q4 — —Lj^M o Lj^^mT{X^, . . . , Xp ) — LnT{X^, . . . , Xp ) + 2pT{X[\ . . . , ^ 



+2 Lj,^T{Xl JoX}, ...,Xi)- 2T'\Xl . . . , X^). (15) 

Note that 

0(At„+iT)(Xi,...,Xp)-Ap„(t)0(r)(Xi,...,Xp) = Q1 + Q2 + Q3 + Q4 

-Ap„(C)0(T)(Xi,...,Xp) 

and we get the desired formula by using (13) — (15), by noting that Lj(,jV(,T = 
and by remarking that the following formulas holds in restriction to 5'^""'"^ 

^:^JoX''(^wT)(X^ . . . ,X^-, . . . ,X;) = E^joX'^(v„y>/)(^i'' ■ ■ ■ , ■ ■ ■ .X^), 
j=i 3=1 

f: D^n {i^,T) (Xf , . . . , X^ , . . . , X^) = X: Dx'^ jT) (X^ . . . , Xj^, . . . , X^) , 



L;vr = Ly T and Ljv o L^T = -Ly T + Ly o Ly T. 



□ 



3 Spectra and symmetric eigentensors of the 
Lichnerowicz Laplacian on P^{(^) 

In this section, we formulate Theorem 2.1 in the context of symmetric covari- 
ant tensor fields (Theorem 3.1), we adapt to our context the results obtained 
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in [11] in the context of differential forms and we introduce an algebraic 
lemma (Lemma 3.3). Hereafter, we deduce from this lemma and Theorem 
3.1 the mains results of this paper, namely. Theorems 3.2 and 3.3. Finally, we 
tabulate the eigenvalues and the eigenspaces of Ap„(^(~,-^ acting on differential 
1-forms and on symmetric covariant 2-tensor fields (Tables II- VIII). 

The following result is an immediate consequence of Theorem 2.1, Remark 
2.1 and the definitions of 1^, W, 51 and 5^. 

Theorem 3.1 Let T be a symmetric p-tensor field on (D""*"^ such that LzT = 
0. Then 

0(Atn+ir) - Ap„(C)</)(r) = (l)(2p{l-p)T + 2{p-n)LyT-LyoLyT 

+47-^0 - ^5*i^T - UliwT + 2 < , > ©TtT) . 

The results on harmonic homogeneous forms on (D"+^, obtained by Ikeda and 
Taniguchi in [11], can be adapted easily to get similar results on harmonic 
homogeneous symmetric covariant tensor fields. 

Let SPlf be the set of symmetric tensor field T on (D""*"^ of the form 
T = Ti^,-,ip,ji,-,j^dzi^ ... dzi^ dzj^ ... dzj^, 

0<i^ <. . .,<ip <n 
0<jl<...,<jq<n 

where 71^^ are polynomials of degree k with respect zq, . . . ,Zn and 

of degree I with respect zq, . . . ,Zn- Put 

SH^'J = SP^f n ker 5 n ker A ^n+i and f = SH^^ D ker TV. 
In the same way as [11, Lemma 6.4], we have 

^5^7 = ^H^'J ® {W* SP^jl{' + W*Q SPtXl + t'SPI%_,) . (16) 

Furthermore, in the same way as [11, Corollary 7.11], we get the following 
Lemma. 

Lemma 3.1 : < , qt™-"" — > cS^'''(P"((D), (D) is injec- 

0<m<min(p,g) 

k+p=l+q 

tive and its image is dense. 
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The following lemma can be obtained easily by a direct computation. 
Lemma 3.2 For T e SP^f, we have 

1. iw5lT-5liwT={k-p)T; 

2. i^'ElT-^i^T = {l-q)T- 

3. i^SlT - Sli^T = 0; 

4. iwKT -5f^iwT = 0. 

Note that the operators iw, ijy, 5^ and 5^ preserve the spaces T^f, namely, 



''W ■ J-k,! ^ -'-k+1,1 ' ''W--'-k,l 

S* . tP'1 ^ tP+^'1 a* • TP'1 ^ T-iPi^+l 

'^h--'-k,l ^-'fc-l,; 1 '^h--'-k,l ^-'-k,l-\- 



(17) 



The task is now to decompose T^'f as a direct sum of spaces whose the images 
by (f) are eigenspaces of Apn(f;) and get, according to Lemma 3.1 and (2), 
all the eigenvalues. This decomposition is based on the following algebraic 
lemma. 

Lemma 3.3 Let V he a finite dimensional vectorial space, (p and ip are two 
endomorphisms ofV and {A^)k,p£TNu{-i} is a family of vectorial suhspaces of 
V such that: 

1. for any p. A; e IN, = ^ = {0},- 

2. for any p, A; e IN, (t>{Al) C A^X and ,p{Al) C All\; 

3. for any p,k and for any a e A^, 

(f) o ■0(a) — if) o 0(a) = {p — k)a. 

Then: 

(i) for any k < p, ijj : A^ — > ^k+i injective; 



[ii) for any k < p, we have 

k 
/=0 



Al^{Alnker<P)(Bmt-\) <^nd = ^'(^^1 n ker 0). 
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Proof. Note that one can deduce easily, by induction, that for any / e IN 
and for any a E A^. 

(f} o %l){a) - o (j)\a) = l{p- k + l-l)(t)^-\a), (18) 
o (j){a) - (I) o xlj\a) = l{k - p + I - l)^^-\a). (19) 

(i) Let a e such that -(/^(a) = 0. Prom (18) and since p — A; > 0, for 
any Z > 0, if 0'(a) = then 0'-^(a) = 0. Now, since 0'(a) e Alt\ and 
since ^4^"^' = 0, we have that for any / > A; + 1 0^(a) = which imphes, by 
induction, that a = and hence ip : A^ — > ^fe+i is injective. 
{ii) Suppose that k < p. We define P[ : A^ — > A^. as foUows 

k 
s=0 

ao — l and ag — {s -\- l){k — p — s — 2)q;s+i = for 1 < s < /c — 1. 
Pi satisfies 

pPopP^pP, ker P^ ^ ij{Alt\) and I mP^ ^ Aln ker (f). 
Indeed, let a e A^'^\. We have 

k 

k k 

o (j)\a) + Y,s{p-k + s + l)a,i/)* o (jf-^{a) 

s=0 s=0 
s=0 s=l 

fc-i 

= E(a, + (s + l)(p - + s + 2)a,+i)V'*+i o (f)\a) 

s=0 

0. 

Conversely, since (a) = a + Z]s=i ^sV'* ° 0*(o), we deduce that Pl{a) — 
imphes that a G ^/'(Af!'^^), so we have shown that kerP^* = ^/'(Afl^). The 
relation P^oP^ — P^ is a consequence of the definition of P^ and P^ot/j — 0. 



(18) 



4>''{a)=0 
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Note that 0(a) = implies that Pl{o) = a and hence n ker0 C ImP^. 
Conversely, let a E A^., we have 



(19) ' 



^asip" o </)*+^(a) - ^ass{k -p - s- ^ o 0*(a) 

A;— 1 k 

= 2^ ttsi/; o ^ (a) - 2^asS(fc -p - s - iji/; o (a) 

s=0 s=l 
k—1 

^{as-{s + l){k-p-s- 2)as+i)r ° <P'^\a) 

s=0 

0. 

We conclude that is a projector, ker P^ — 'ijj{A^t\) and 74^nker = ImP^ 
and we deduce immediately that = ® H ker0. The same 

decomposition holds for A^l^i, and since if) : A^t.\ — > A^ is injective, we get 

Al = i/jo ^/j{Altl) © mi-l n ker 0) © n ker 0. 

We proceed by induction and we get the desired decomposition. 

□ 

Let us apply this lemma to the operators {iw, S^) and {i^r, 51) acting on the 
spaces Tjff . 

Indeed, from Lemma 3.2 and (17) we deduce that, for q,l fixed, the spaces 
(Tj^'i)k,p and the operators {iw, 5^) satisfy the hypothesis of Lemma 3.3. Thus 
we have 



-'-kl 



ew(Tr;,fnker5^) if ^<p, 

r=0 

m^ir{ni:ff^].e.iw) if k>p. 



On other hand. Lemma 3.2 and (3) imply that the operators 5)* and i-^ 
commute with 5^ and iw- Hence, by Lemma 3.2 and (17), for p, g, r fixed, 
{i}wr{Tt:fn],ev5i),-5l,i^\i and ((5*)^ (t^;;/ n ker^^^) , 5*,^^),,, sat- 
isfy also the hypothesis of Lemma 3.3. Thus we get the following direct sum 
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decompositions of T^j 



' e M^°M'^(Tr;,f-;nker5^nker5^) 

r=0,...,k 


if 


k < p,l < q, 


' e" (Sir o {iwY {n-S: n ker 5l n ker i^) 

r=0,...,k 


if 


k < p,q < I, 


^'\iwy ° (Sir n ker n ker S*) 

r—O.. . . ,p 


if 


p < k,l < q, 


' (1)^ o (KY {n-lf-: n ker n ker i^) 

r=0,. . .,p 

, s=0,...,q 


if 


P k,q < I. 



(20) 

Note that one can deduce easily, by applying twice the first relation in Lemma 
3.3 (ii), that ii k <p and / < q then 

dim (r^f n ker 5* n ker 5*) = dim rff+dimT^+^^tY -dim T^'+^^f -dim rf«_Y. 

(21) 

Note also that since the operators 6^ and iw and the operators 5^ and ijy 
play symmetric roles, we have 

dim(T^f n ker 6^ n ker i-^) = dim(Tf j n ker 5^ n ker 5|;) , k<p,q<l 
dim(T|'f n ker i^^ n ker Si) = dim(Tp_f n ker n ker ^) , p<k,l <q 
dim(7Xf n ker iw n ker i^^r) = dim(7j^' n ker 5^ n ker 5^) , p<k,q<l. 

(22) 

The next step is to show that the image by 4> of the spaces composing the 
direct sum decompositions (20) are actually eigenspaces of Ap„(^(jy For sim- 
plicity, we put 

El:l^{w\W') = <, >™0((^^)^o(.^)^(Tnr;nkcr5;;nker5*)), 
Ei:i^{w^,(sir) = < , >™ ((5*)^ o (^^)'- (rr;/,,-; ^ 
Etlmmr^w') = <, >"^©((iT^.)^o((5*)^(r™+;nkeriH.n 

Eltmmr^ = < , {{sir o {S^y (r™-; n ker^,^ n ker i^)) . 
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Lemma SA_Let k + p = q + I andT e Ell^{W\ W') U Ell^(W\ (SlY) U 

Kimmr, u Eif^^mr, {s*,r). Then 

Ap„(C)0(7') = A{(p + k)(n-q + k)+p(p-l) + q(q-l)+r(r + l) + s(s + l) 

+r\p - k\ + s\q - l\ + ^{\p - k\ + \q - l\ + p - k + q - 1)^ (p{T). 

Proof. Remark that, since 0(< , > 0T) = g Q (l>{T) and by (2), it suffices 
to show the lemma for T E (ipf7)" o {i^y (Tl'llf^^ H ker 51 n ker 5^) U (5fy o 

{iwY (Tr;:r/ n ker 51 n ker t^) U [i^Y o (5*)^ (r^;;f +/ n ker i^. n ker 5*) U 

(1)^ o (5ir {Tl~:f-' n ker^H/ n kerz^). 

Now, since A^^n+iT = 0, we will deduce the lemma by computing the right 
side of the formula composing Theorem 3.1. 

First note that TrT = 0, L^T ^ {p + q + k + l)T ^ 2{p + k)T and = 
\{{p + q)-{p-q?)T. Thus 

2(p + q){p + q-l)T + 2{n~p- q)L^T + o L^T - AT^° = 
(4(p + k){n-q + k)+ 4(p(p - 1) + q{q - 1)))T. 

Now let us compute 5liwT and 5*j.y/T. The computation is based on (18) 

applied to the operators {5'^,iw) and {5y^,i-^). 

Let T = i^so iwr{T') with T e Tf+^f.^/ n ker 51 n ker^. We have 

-5^0 i^o i^s o ivj/r- {T') = -5^ o o i^s (T') 

(r + l)(fc-p-r)r. 
-51 oi^o i^s o i^r- (T') = -5^ O i^s+l o i^r (T') 

(s + l)(/-g-s)T. 

In a similar fashion, we get: 

1. for T = (Ely o iwr{T') with r e Tf+;,f+T n ker 5* n ker i^, 

-5loiwo{Ep'oi^r{T') = {r + iyk-p-r)T 
-5*oi^o(5iyozwr{r) = s{q-l-s-l)T; 
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2. for T = t^so {Sinr) with r e r,7;/+; n ker tw n ker 

-5loiwoi^so{5inT') = rip-k-r-l)T. 
-Sloi^oi^soiSlYiT') = (s + l)(Z-5-s)r; 

3. for T = ®^ o {S*J{r) with T' G T.^^f+Z n kerz^ n ker z^, 

-5loiwoiSlyo{Siy{T') = r(p-fc-r-l)r. 

= i)r. 

The lemma follows by gathering together all the results above. □ 

It is natural now to compute the multiplicities of the eigenvalues obtained 
in Lemma 3.4. So, by Lemma 3.1, we need to compute the dimension of the 
spaces El'lJW^W), Ell^{W\ KlmmY^'^') and El'l^my, (1)^). 

Note first that, according to Lemma 3.3 (i), we have 

dim El'lJW^,W') = T,^i7+;nker5;;nker5*, k < pj < q, 

dim Elf ^{W\{6lr) = T,^X7+7nker5;;nker^^, k<p,q<l, 

dim El'lJ{6lY,W') = T^^^f^: nkeTiwnkcr¥„ p < kj < q, 

dimElfm{{Sir,m) = r^;;,f-;nkerzH.nkerz^, p<k,q<L 

Prom (22), to get the multiphcities it suffices to compute the dimension of 
Tf f n ker 5^ fl ker 5^ for any k <p and / < q. According to (21), this will be 
done if one compute the dimension of Tj^f for any p,q,k,l. 
Since 

we have 

dim 7f f = dim SH^'f - dim SH^J^'''-\ (23) 
To conclude, we need the following lemma. 

Lemma 3.5 We have 

dim SH^.'J = dim SP^.f + dim SP^lfZ,' + dim SP^Zl'l, + SPiL'^J-_, 

- (dim5P,7_Y + dim^P^i^ + dim5Pfl^,,_, + dim^P^tr;) . 
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Proof. The relation is a consequence of (16) and the following equalities 

(W* SP^jlf) n (W* 5PfiV') ^W*qW*q SP^zlti- 
□ 

Thus, from Lemma 3.5, (23) and (21), and after many simplifications, we 
get, for any k < p and for any / < q, 

dim (r^'f n ker D ker Si) = dim SP^'f + dim SPljl'^^ + dim SP^Zlf'^ 

+ dim SPrir' + dim 5Pri,f_Y + dim 5Pr2t/-3 
+ dim 5Pri,f_2 + dim ^Prif-s' + dim cSP^if" ^ 
+ dim5Pr3;f_, + dim SP'^J^r' + dimSPr^'ls 

- diraSP',,''^^' - dim5Pr?f_f - dim^P^itV 

- dim5Pf:^3,_3 - dim ^p^if - dim5pri:ri' 

- dim SP'.Xf - dim^Pritt - dim^PrtY 

- dim^P^itV - dim5P,7_^^^ - dim^P^ira'- 

Even if this formula involves a great deal of terms, it is surprising that after 
a computation using computing software and the formula 

where 

a \ _ a\ 
b ) ~ b\{a-b)r 

we get a simple expression of dim (T^f fl ker 6^ fl ker 6^) . Let us tabulate the 
results. 
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Conditions on 

p.q.k.1 


Space 


Complex dimension 


l<k<p,2<l<q 
or 

2<k<p,l<l<q 


r^/nker<5^nker^ 


(ra+p-2)!(ra+g-2)!(ra+/c-3)!(ra+(-3)!n^(n-l)^(n-2) 


X 

i - l)x 


(n!)4{p+l)!(g+l)!A;!;! 

(p - fc + - i + l)(n + fc + ( - 2)(n + g + fc-l)(n+p + 

(n + p + q) 


1 < P, 1 < ? 


rf;f nker(5^nker5^ 


(n+p-2)!(n+g-2) (n-2)pg(n+<j) (n+p)(n+p+g) 




(n!)^(p+l)!(g+l)! 




1<P,1<1 <q 


To7nker5;jnkerf 


(ra+p-2)!(ra+ij-l)!(ra+i-2)!n2(„„i)(g_;4.i)(„+p+;__ 


l)(«+p+g) 


(n!)3p!(q+l)U! 


l<k<p,l<q 


Tf;Jnker5^nker5* 


(n+p-l)!(n+9-2)!(n+/c-2)!n^(n-l)(p-fe+l)(n+9+fe 


-l)(n+p+g) 


(n!)f9!(p+l)!/c! 


1 < P, 1 < ? 


r^,b'nker5*nker5* 


(n+p-l)!(n+(}-l)!n(n+p+5) 




(n!)2p!q! 




0<l <q 


T°f nker 5;^ nker 5* 


{n+qy.{n+l-iy.n{q-l+l) 




2(n!)^(g+l)!/! 




0<k<p 


r^;°nker5;^nker^ 


(n+p)!(n+fc-l)!n(p-A;+l) 
2(n!)2(p+l)!it! 



Table I. 



We are now able to give the spectra and the eigenspaces with multiplicities of 
Apn(f;) acting on 5^'^(P"(C), C). Note that the spectra of Apn(^(j) acting on 
5P'9(P"(C), C) is the same as the spectra of Ap„(t) acting on 5'''P(P"(C), C) 
and the eigenspaces are conjugated. So, we restrict ourself to the case p < q. 
Fix p, Z e IN and consider the space »S^'^+'(P"(C), C). We have, from Lemma 
3.1, 

0: <, >™0T™+'-"^^5^'^+'(P"(C),C) 

0<m<p 
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is injective and its image is dense. To obtain the eigenvalues and eigenspaces 
of A p„(t;) acting on 5f'P+'(P"(C), C), we split any Tl-];}f+^-"' above accord- 
ing to (20) and we apply Lemma 3.4. Note also that, according to Table I, 
the dimension of some eigenspaces vanishes when n = 1 or n = 2 and so, one 
must distingue three cases n > 3, n = 2 or n = 1. To state the results, we 
introduce some notations. 
We put 

Sq = {(m,A;,r,s) e]N70<m<p,0<A;<p-m-/,0<r < A; + /,0<s< A;}, 

51 — |(m, /c, r, s) e IN^/0 < m < p, max(0,p — m — Z) < /c < p — m + Z, < r < p — m, 

< s < A;} , 

52 — \{jn, k, r, s) e INT^/O <m<p,k>p — m + l,0<r<p — rn,0<s<p — m + l^, 
VrJ:^'' = El-]:S'--{W\W') if {m,k,r,s)eSo, 

vrir' = Erjs^^-''mr,w') if {m,k,r,s)esi, 

Vr'Jp' - El-rC'^^mrAKY) if {m,k,r,s)eS,. 

The eigenvalue obtained in Lemma 3.4 becomes 

Kfs'^''' = 4:[{p — m + k + l){n — p + m + k) + {p — m){p — m — 1) 

+ (p — m + l){p — m + I — 1) + r(r + 1) + s{s + 1) + r\p — m — k — l\ + s\p — 111 + I — k\ 
+ 1 {\p — m — k — l\ + \p — m + I — k\ + 2(p — m — k)) . 



Finally, the following notations are needed to treat the case n — 2. 





Um,k,r) e IN'VO < 


m 


< p,0 < k < p 


-m-l,0<r <k}, 




Um,k,r) e INVO < 


m 


< p,0 < k < p 


-m-l,0<r <k + l}, 


si = 


{{m,k,r) e INVO < 


m 


< p, max(0,p — 


m — I) < k < p — m + 1,0 < r < k^ , 


Si = 


{{m,k,r) e < 


m 


< p, max(0,p — 


m — I) < k < p — m + 1,0 < r < p — m 


SI = 


{im,k,r) e INVO < 


m 


< p,k > p — m 


+ 1,0 < r <p-m + l}. 


Si = 


[{m,k,r) e INVO < 


m 


< p, k > p — m 


+ 1,0 < r < p — m| , 



W^:i:^'' = V^iQ^ if {m,k,r)eSl W^:i:T'' = Kf,^'' if {m,k,r)eS, 
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W^.lr' = ^^'Cni if {m,k,r)eSl W^jlT'" = Kfp' if {m,k,r) e Sl 



The following theorem is an immediate consequence of Lemma 3.1, (20) and 
Lemma 3.4. 

Theorem 3.2 Let / e IN such that n>3. Then: 

4>- ® i Vrjp''] — >SP'P+\P''{(D),(D) isinjectiveandits 

-i=0,...,2 \(rn,k,r,s)(^Si ' ' / 

image is dense, 

2. for any i = 0, . . . , 2 and for any {m,k,r,s) G Si, 4>{y^g'^'^) is an 
eigenspace of Apn(^(^^ associated to the eigenvalue X^fs^^'^i 

3. for any i — 0, . . . , 2 and for any (m, k, r, s) e Si, the dimension of 
(t>{V^jp^) is given by Table I and (22) since 

dim {<PiVrJp')) = dim {T^rT-r^'^' n ker 5*, n ker 5*) , 
dim (./.(K^^r'^)) = dim(r™!-+'+^nker^nkerzH.), 
dim {HVr'st'')) = dim ln;r^;:^l-r^'-' n ker i^ n ker i^) . 



By deleting in Theorem 4.2 the spaces V^^ 'l^' whose dimension vanishes in 
the case n = 2 or n = 1, we get the following theorem. 

Theorem 3.3 Letp,l e JN. Then: 



I 



i.<t>: e 

M=0,...,2 



wf}^^ 



SP'P+\P\G), G) %s mjective and 



\{m,k,r)eSl 



its image is dense; 



2. the spaces W?;};^^\ W^if'K W^rl^'*^ and W^^^f ''^ 

are eigenspaces o/Ap2(fj-| associated, respectively, to the eigenvalues 

\p,l,m,k \p,l,m,k \p,l,m,k \p,l,m,k \p,l,m,k \p,l,m,k 
'^k+l,r,2) \,k,2 ) \-m,r,2) \,k,2 > '^p-m,r,2) \,p-m+l,2> 
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3. the dimension of (piW^^f''') is given by Table I and (22) since 

dim {(jyiW^^'fl'")) = dim (TP-rn+k+l,p-m+l+r ^ ^ ^ 

dim {m^^if^')) = dim (Tf-y H ker 5* n kcr 5*) , 

dim = dim (TX;;-+itLr. n ker 5* n ker t^) , 

dim {m^ilT'")) = dim {T^,^ll;:o'-'^^'^' n ker 5* n ker i^^) , 

dim {<f>{W^iT'')) = dim (ra;^+^7[^, n ker n ker i^) , 

dim ((/>( W^^if'^)) = dim (r^'H^^klp-m+i ^ ker i^^ n ker i^) ; 



for P^{G), we have 



0<m<p 0<m<p 

0<k<p—m—l max.{0,p~m—l)<k<p—m^l 



k>p—m+l 



is injective and its image is dense. Moreover, the image by (j) of all 
the spaces V^J'l^''' composing the above direct sum decomposition are 
eigenspaces 0/ Api^-^-, associated to the eigenvalue A^'^'J*'*^; and their 
dimensions can be deduced from 3. Theorem 4-2. 

Remcirk 3.1 In [11], Ikeda and Taniguchi computed the eigenvalues o/Apn((j) 
acting on Q(P"'(C), C) and determined the spaces of eigenforms as represen- 
tation spaces, hut they did not give the multiplicities. The formula obtained 
in Theorem 2.1 can he used in the case of differential forms to show that 
the images by (j) of the spaces composing the direct sum decomposition (1.2) 
in [11] are eigenspaces of Apnf^^jy The dimensions of these spaces can be 
computed in a similar way as in [12]. Unfortunately, the formulas obtained 
are much more complicated than the case of the spheres. However, in [11, 
Theorem 7.13], Ikeda and Taniguchi showed that these spaces are irreducible 
SU (n + l)-modules and they computed their highest weights. Hence, may be, 
one can use the Weyl dimension formula to compute the dimensions of these 
spaces and to get the multiplicities of the eigenvalues. 
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Finally, we apply Theorems 3.2 and 3.3 for the low values of p and / and we 
tabulate the results. 



Spaces 
n > 1 


Eigenvalues 
*; e IN 


Eigenspaces 


Complex dimension 


c~(p"-((b)) 


4k(n + k) 




,i(„ + 2fc)((,i + fc-l)!)2 




4{n + 1) 






n(n + 2) 




4(fe + l)(n + k + 2) 
4(fc + 2)(n + *: + !) 


° ''^ (^fc+°2,fc + 2) 


(fe+l)n 


n(7i + 2fc + 4)((n + fc+l)!)2 

(n-l)(n + fc + 2)(7i + 2fc + 3)((n + fe)I)2 
("')^((fc + 2)!)^ 




4(n + 1) 






n(n + 2) 




4(k + 2)(n + k + 2) 


'*°''/t (^fc + 2.fc + 2) 




.i(n + 2fri4)((„ifc+l)!)2 




4{fc + 2)(n + fe + 1) 


'*(^fc'+l,'c + 2nkeriw) 


(fc+l)r 


(„!)^((fc + 2)l)^ 



Table II. 



Spaces 
n > 1 


Eigenvalues 
fc S IN 


Eigenspaces 


Complex dimension 




8(n + 2) 


<*«0 nkerS;) 


»(n+4)(„ + l)2 
4 




12(n +3) 




»i(n+l)2(„ + 2)2(„ + 6) 
36 




4(fc + 4){n + fc + 4) 
12{n + 2) 




((n+/= + 3)!)2n(n + 2fc + 8) 
(n!)^((fc+4)])^ 
n(n+l)2(„-l)(n + 2)(n + 5) 
9 




4(fc+4)(n + fc + 3) 
4(fc^ + (n + 6))c + 4n + 10) 


'^°«l('J'.°+4,.+3nkcr.-) 
'*K+\fe+2nkeri-) 


((n+fc+2)!)2„(„-l)(fc + 3)(™ + fc + 4)(n+2fe+7) 
(,.!)^((fc+4)l)l! 
(n+fc+2)!(n + Ai + l)!n''(n-l)(/s + l)(n + fc + 5)(n+2fe+6) 
2(n!)^(fc+4)!(fc+3)! 


Table III. 


Spaces 
n > 1 


Eigenvalues 
S IN 


Eigenspaces 


Complex dimension 




8(n + 2) 


(T„%"nkcr5-) 


„(„ + 4)(„ + l)2 
4 




12{n + 3) 


0oivi, (t^'^ nkcri*) 


n(n + l)2(„ + 2)2(„+6) 
36 




4(fc+4)(n + fc + 4) 
12(n + 2) 




((n+fe + 3)!)^»i(n + 2fc + 8) 

n(,i+l)2(„-l)(„ + 2)(™ + 5) 
9 




4(fc + 4){n + + 3) 


(^fc+''3.fc + 4nker»iv) 


((,i+;,'-2>!l2„f„ -lK;,'^3)(7,ifc + 4)(n + 2ti7) 




4{fc^ + (n + 6)fe + 4n + 10) 


'^fe°2,fc + 4nkeriw) 


2(n!)i!(fc+4)l(fc+3)l 



Table IV. 
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Spaces 
n > 1 


Eigenvalues 
fc e IN 


Eigenspaces 


Complex dimension 




4(n + 1) 

4{fc + 2)(n + fc + 2) 

4fe(n + k) 
4(k + 2)(n + k + 1) 

4(k + 2)(n + k) 


^(<. ><^) 
(T'fc+i,fe+i n ker i;^ n ker i— ) 


n(n + 2) 

((„+fc + l)!)2„(„ + 2fc + 4) 
(n!)2((fc + 2)!)2 
((„+fc_l)l)2„(„ + 2fc) 
(„!)2(fc!)2 

2((n + fe)!)2n(n-l)(fc+l)(7i + fc + l)(n + 2fe + 3) 
(™!)2((fc + 2)!)2 

{{„ + ):_ l)l)2„2(„_2)(fc + i)2(„^j. ,,.1)2 („_^2^^2) 
(n!)2((fc+2)02 



Table V. 



By setting n — 2m Tables III-V, we get the eigenvalues and the eigenspaces of 
Ap2(t) acting on 5^(P^(C), C). These results complete the results obtained 
in [23] since we give explicitly the eigenspaces. Note that there is a misprint 
in [23, Table 1 pp. 227]. The degeneracy of |A(m + l)(m + 3) is, actually, 
2(m + 2)^ (this is the value obtained by Warner in [23,(6.5)]). 





n,. fc IX 


Elt;,.li-|,a<-.v~ 


( '( ijnpl* 'x (Ij ni( 'li^jon 




32 

60 

4(m + 4)(m + 6) 
48 

4(m + 4)(m + 5) 
4(m^ + 8m + 18) 


0(T,%=nkerdj) 

<^°'w «o nkera;) 

^°(^)^(^°-%,. + 4) 
^(T°f nkerdj) 

(T^™ + 4.„ + 3^kcr.-) 
'*(^^i4,„. + 2nker«-p^) 


27 

64 
(m + 5f 
66 

(m + 3)(m+6)(2m+9) 
2 

(m + l)(m + 7)(m + 4) 



Table VI. 



Spaces 


Eigenvalues 
m S IN 


Eigenspaces 


Complex dimension 


s^-°(p^(b), fc) 


32 

60 

4(m + 4)(m + 6) 
48 

4(m + 4)(m + 5) 
4(m^ + 8m + 18) 


0(T2;»nker5*) 
0oivr (Tff° riker«;) 

^°K)^(^:-:4,„ + 4) 
^(Tj%°nker«*) 

° ''fc (^m + 3.m + 4 ^w) 
(^m+2,m+4'^'^<'""') 


27 

64 
(m + 5f 
B6 

(m + 3)(m + 6)(2m + 9) 
2 

(m + l)(m + 7)(m + 4) 



Table VII. 
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Spaces 


Eigenvalues 
m e IN 


Eigenspaces 


Complex dimension 




12 

4(m + 2)(m + 4) 

4m.(m. + 2) 
4(m + 2)(m + 3) 


^ h h \ m+2,m+2 J 
<!>{<,> 0T^',m) 
'*°^('^m+l,m + 2n'^«"H') 


8 

(m +3)3 
(m + 1)3 
(m + l)(m + 3)(2m, + B) 



Table VIII. 
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